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A model of phase transitions with coupling between the order parameter and its gradient is
proposed. It is shown, that this nonlinear model is suitable for the description of phase transitions
accompanied by the formation of spatially inhomogeneous distributions of the order parameter.
Exact solutions of the proposed model are obtained for the special cases which can be related
to the spinodal decomposition or cosmological scenario. The proposed model is analogical to the
mechanical nonlinear oscillator with the coordinate-dependent mass or velocity dependent elastic
module. Based on this analogy, the existence of the limit cycles is established.
PACS numbers: 64.60.Cn, 75.40.Mg
Within the context of the general theory of phase tran-
sitions, a system treated as a continuous medium is as-
sumed to have a ground state which can always be de-
scribed in terms of the order parameter. Usually, the
ground state is described by a definite value of the order
parameter that is independent of the point of the elas-
tic continuum. The order parameter associated with the
phase transitions can have various geometrical presenta-
tions, for example, a scalar field in the case of condensed
matter [1, 2] or a fundamental scalar field in the field
theory [3]. To introduce the order parameter that deter-
mines a stable state of the condensed matter, we have
to consider probable deformations of the field distribu-
tion, in particular, the disordered configuration of the
ground state. Such distributions of the order parame-
ter can be observed experimentally, so this issue requires
an appropriate theoretical description. Today there ex-
ist many phenomenological models which are declared as
those that can give a fairly general description of phase
transitions and the behavior of spatial distributions of
order parameters both before and after the phase transi-
tion. To these well-known phenomenological models one
can attribute the Landau theory of phase transitions [1]
and the gradient theory of phase transitions [4, 5]. In
the case of the first model, the free energy of the system
under consideration is described in terms of the order pa-
rameter while in the second case the description is given
in terms of the order parameter gradient. Both models
provide an efficient description of many details of phase
transitions, in particular, the post-transition behavior of
spatial distributions of the order parameter.
The purpose of the present paper is to show that the
standard model of phase transitions can be unified with
the gradient theory by introducing in the standard model
the coupling between the order parameter and its gradi-
ent. In this case we get rid of the requirement to describe
only phase transitions with homogeneous distributions of
the order parameter for ground state. Namely, problems
of this kind arise in modern physics, including the spin-
odal decomposition [6], phase transition with spatial in-
homogeneous formation of a new state in condense mat-
ter [2] and the alternative cosmological model that takes
into account the formation of inhomogeneous distribu-
tions in the fundamental scalar field [3]. As it was shown
in [6], the coefficients before the quadratic terms of the
order parameter and its gradient can change their signs at
the instability thresholds and thus some decomposition
scenario becomes possible. This can result in the transi-
tion from the disordered state to modulated, patterned,
or ordered-patterned states. In particular, in the case of
cosmological scenario, it would be highly desirable to de-
scribe the generation of spatially inhomogeneous states
associated with the specific behavior of the coefficients
in terms of the expansion of the model potentials. When
the system described by a scalar spatially-dependent or-
der parameter is rapidly quenching from a homogeneous
high-temperature phase to the phase-coexistence regions,
we have the spinodal decomposition. The decrease of the
temperature can make the reason for the formation of a
new bubble phase in the cosmological model.
Usually, the theoretical analysis of the spinodal de-
composition and spatial formation of the fundamental
scalar field is based on the standard model. In this case,
however, the presentation for the free energy contains no
terms that would take into account the interaction be-
tween the order parameter and its gradient though this
interaction can lead to the restriction of the governing
parameter. Although the results obtained in this article
are not formal ones, they turn out to be relevant to many
physical phenomena, such as phase transition, spinodal
decomposition, metastability and condensation process.
The mechanical analogy of the present model describe
the behavior of a nonlinear oscillator with the coordinate-
dependent mass or velocity dependent elastic module in
the usual oscillator.
Any deformation of the order parameter requires addi-
tional energy and thus imposes restrictions on probable
deformations. In other words, not all of the deformations
can be realized in physical system. In the general case
the requirement of consistency of the known solutions of
the standard model with the generalized description is
provided by an appropriate choice of the coupling be-
2tween the order parameter and its gradient. As it was
mentioned above, the phase transitions associated with
the system with broken continuous symmetry can be de-
scribed in terms of the relevant order parameter. In par-
ticular, according to the Landau theory, the free energy
density presented in terms of the order parameter:
F = C (∇ϕ(r))2 +W (ϕ(r)), (1)
where ϕ(r) is the order parameter, W (ϕ(r)) is potential
part free energy, which specifies the model under consid-
erations, and C is a positive constant.
In the well-known standard model of phase transitions
we have
W (ϕ(r)) =
1
2
Aϕ2(r) +
1
4
Bϕ4(r), (2)
where A and B are real constants. If one introduces
the new dimensionless variable Bϕ
2(r)
|A| = σ
2(r) in the
case negative value A and positive value B the standard
dimensionless free energy f = 4FBA2 − 1 reduces to the
form:
f = l2 (∇σ(r))2 + ((σ(r))2 − 1)2, (3)
with the potential being written in the standard form
and l = 2
√
C
|A| being the characteristic length. Making
use of this expression for the free energy density in the
mean field approximation, we find the spatial distribu-
tion of the order parameter to describe the properties of
the new states which can be formed after the phase tran-
sition. The first presentation of the free energy density
generates the Euler-Lagrange equation for the stationary
distribution of the order parameter:
l2∇2σ(r) = 2σ(r)(σ2(r)− 1) (4)
and has a topological soliton solution σ = th(r/l).
It should be noted that in this presentation the dimen-
sionless free energy depends on the relation between A
and B and their signs [7]. In the case of the inverted po-
tential W (ϕ(r)) with the opposites signs of coefficients A
and B one obtain the different solutions, which no topo-
logical singularities [7]. This example shows that differ-
ent coefficients in the expansion of the free energy result
in different spatial distributions of the order parameter
which can be observed experimentally.
In the case of a system with the gradient of the order
parameter, it is likely to be reasonable to introduce in the
free-energy functional a term responsible for the proba-
ble interaction between the order parameter and its gra-
dient. This coupling regularizes possible perturbations of
the order parameter and thus confines the spatially in-
homogeneous state of the system. Such inhomogeneous
states arise, for example, from negative gradient terms
between the competing order parameters [8]. This means
that not all of the possible deformation of the order pa-
rameter can exist in the deformed matter. Any defect
introduces additional energy and not all of the deforma-
tions contributes to the spatial distribution of the order
parameter.
The main idea of the present contribution is to gen-
eralize the phenomenological theory of phase transitions
by introducing the interaction between the order param-
eter and its gradient. This generalization is reasonable
in view of both mathematical and physical arguments.
With regard to the above assumptions, the free energy
has been presented in the form
f = a (∇σ(r))2 + b((σ(r))2 − 1)2+
+cσ2(r) (∇σ(r))2 , (5)
where operator l∇ is replaced by simple operator ∇ in
terms of the dimensionless coordinate rl ; a, b, and c are
different real parameters describing the influence of the
gradient of the order parameter, the order parameter,
and the coupling between the order parameter and the
order parameter gradient. If the coefficient c is equal to
zero and a = b, then we return to the standard theory
of phase transitions or the theory of fundamental scalar
field. Nevertheless, these considerations demonstrate the
need to treat the variation problems for the functional in
various representations [5, 9]. We prove that, the families
of such fields with finite free energy are compact and have
many solutions which describe spatially inhomogeneous
distributions of the order parameter and possible topo-
logical structures of the new phase. Our proof is based
on the analysis of the extremum of the free energy den-
sity [4, 5, 9]. The method also yields the Euler-Lagrange
equation for the limit of the defect structure measure.
This measure also satisfies the cancellation properties de-
pending on its local regularity, which seems to indicate
several levels of singularities in the limit. We show that
the same solution can be obtained in the next approach.
To do this, we have to analyze the behavior of the free
energy density. The free energy minimum satisfies the
Euler-Lagrange equation
(a+ cσ2(r))∇2σ(r) + cσ(r)(∇σ(r))2
+2bσ(r)(1− σ2(r)) = 0. (6)
Let us consider several possible solutions of the Euler-
Lagrange equation for various combinations of coeffi-
cients. In the one-dimensional case designate dσ(r)dx as
σ˙ and rewrite the Euler-Lagrange equation in another
simple form, i.e.
σ¨ + g(σ)(σ˙)2 + h(σ) = 0, (7)
where g(σ) = cσa+cσ2 and h(σ) =
2bσ(1−σ2)
a+cσ2 . Introduc-
ing the new variable u(σ) = (σ˙)2 or σ˙ =
√
u [10],
and taking into account the relation σ¨ = dσ˙dσ
dσ
dx =
1
2
√
u
du(σ)
dσ
√
u = 12
du(σ)
dσ the Euler-Lagrange equation re-
duce to the Bernoulli equation, i.e.,
u′(σ) + 2g(σ)u(σ) + 2h(σ) = 0, (8)
3where ′ denotes the derivative with respect to σ. The
general solution of the Bernoulli equation in our case has
the form
u(σ) =
1
a+ cσ2
[s+ b(1− σ2)2], (9)
where s is the integration constant which can be put
equal to zero, because, in point where σ2 = 1 the deriva-
tion σ˙ = 0 . From this solution of the Bernoulli equation
we obtain that the spatial behavior of the order param-
eter is described by the relation
dσ
dx
=
b1/2(1− σ2)
(a+ cσ2)1/2
, (10)
from which the solution in quadratures can be obtained
x =
∫ σ
0
dσ(a+ cσ2)1/2
b1/2(1− σ2) . (11)
This general solution represents the expression for the
spatial distribution of the order parameter for the arbi-
trary introduced constants. In the case of the standard
model of phase transitions, c = 0, we came to the well-
known solution σ = th( b|a| )
1/2x that fully recovers the
behavior of the fundamental scalar field in the standard
cosmological model [3, 7]. For the positive values of all
introduced constants we obtain the general solution in
the form
x = ( cb )
1/2Arsh
[(
c
a
)1/2
σ
]
+
(
a+c
b
)1/2
Arsh
(
a
c
)1/2
+ 12
(
a+c
b
)1/2
Arsh
[
2σ
√
(a+c)(a+cσ2)
a(σ2−1)
]
.
(12)
In the case of the negative value of the coupling constant
c and positive values of other constants we have crucial
changing the behavior of the obtained solution. As easy
to see for the negative coupling constant the previous soli-
ton solution will be deformed. For small negative value
of c, |c| ≪ a, the solution can be presented in the form
σ ≈ 2b1/2
2|a|1/2−|c|1/2 th(x−
|c|1/2
2b1/2
σ). When c = −a, we obtain
already periodic solution σ = sin( ba )
1/2x. This solution
is not trivial in the physical sense as it will be seen below.
For the negative coupling constant and a≪ |c| from Eq.
11 we obtain the more complicated periodical solution
x = ( |c|b )
1/2 arcsin
(
|c|
a
)1/2
σ +
(
|c−a|
b
)1/2
arcsin
(
a
|c|
)1/2
+ 12
(
|c−a|
b
)1/2 [
arcsin (|c|σ−a)
(σ−1)
√
|ac| + arcsin
(|c|σ+a)
(σ+1)
√
|ac|
]
.
(13)
Within the context of this solution we can propose a new
possible scenario of the phase transitions. Namely, we
predict the existence of the various spatial distributions
of the order parameter after the formation of the new
phase. In order to make such a prediction we have to
know (or postulate) the critical dependence of the cou-
pling constant on the external parameters. These ex-
ternal parameters can be an electromagnetic field or a
pressure. Naturally to assume that the coupling con-
stant critical depend on the temperature, as, for ex-
ample, in the standard theory of the phase transitions,
c = c0 · (T −Ti), where c0 is a positive constant and Ti is
the new critical value of temperature. When this temper-
ature is bigger than the temperature of the usual phase
transition after phase transition we will observe the pe-
riodical distribution of the order parameter. If this tem-
perature is less than the usual critical temperature of the
phase transitions, after the usual phase transition we can
observe the solution of the standard model of the phase
transitions, σ = th( ab )
1/2x, with the topological singu-
larity. The further decrease of temperature can lead to
the negative value of the coupling constant c = −a and
the topological solution is transformed to the periodical
solution σ = sin( b|a|)
1/2x, i.e., a regular solution without
singularities. This obtained solution doesn’t exist in any
standard model of the phase transitions with regards to
the formation inhomogeneous distribution [2] of the order
parameter or the fundamental scalar field as the bubble
of a new phase [3]. We can assume that the coupling
between the order parameter and its gradient changes
the scenario formation of a new phase. Such phase tran-
sitions can observe in the experiments with decreasing
temperature for the spinodal decomposition [6]. This ef-
fect can take place in the standard cosmological model
too [3], when we observe evolution of the bubble forma-
tion (as a topological formation) to a new periodic phase
of the fundamental scalar field without singularities (see
[7]).
The last periodical solution is stable and relates to the
limit cycle. Note, that in the case of the free energy
presentation in the form of Eq. 5 in one dimension the
replacements of σ by z and x by t lead us to the La-
grangian of a nonlinear oscillator
L = (a+ cz2)z˙2 + b(z2 − 1)2. (14)
This mechanical model describes the nonlinear oscilla-
tor with the mass dependent on the coordinate, or the
oscillator with the velocity dependent elastic module in
the harmonic part of the potential energy. The quark
confinement can be hypothetical object of the physical
application of this mechanical model if one assumes that
boundary of the bag produces the increase of the mass,
but not the potential interaction.
Earlier [11] a such type of the model was used to
describe the stationary fission rate with regard to the
coordinate-dependent mass and a realistic potential. The
obtained results show that in a such case the analyti-
cal estimates are in good agreement with the realistic
Langevine simulations. The coordinate-dependent mass
was used also in the calculations of the coefficient of tran-
sition through the fission barrier potential in the WKB-
approximation [12]. This gives an example of the ex-
act solution of the problem for the Hamiltonian with the
4coordinate-dependent particle mass in the semi-classical
theory [13]. The appropriate approximation was also in-
troduced for the effective action in the case of the par-
ticle with coordinate- dependent mass moving through
the one-dimensional scalar potential [14]. The presented
examples show that the proposed model given by Eq. 14
can be used in various fields of theoretical physics.
Depending on the relation between the coefficients a,
b and c in our model we can describe the formation of
soliton, or periodical solutions. In order to understand
the existence of possible stable solutions, we consider the
Euler-Lagrange equation for a such nonlinear oscillator:
(a+ cz2)z¨ + cxz˙2 + 2bz(1− z2) = 0. (15)
Before to find stable periodic solutions note that there are
many books and papers dealing with the problem of the
limit cycles for strongly nonlinear oscillators using vari-
ous methods [15–19]. In what follows we use the method
proposed in [20] which is similar to the variational Ritz
method. This method is applicable for both strongly and
weakly nonlinear equations. According to [18] the limit
cycle can be approximately written in the form
z = z0+zc cos(ωt)+
∑
n
xn cos(nωt)+yn sin(nωt). (16)
Substituting this presentation into equation of motion
Eq. 15 results in the following residual term R(t) =
(a + cz2)z¨ + czz˙2 + 2bz(1 − z2) which is not vanishing,
but the integral R(t) over the period T is equal to zero
[20], i.e., the integration is performed over the limit cycle.
The relation
∫ T
0 R(t)z˙dt = 0 can be used to estimate the
period of the cycle. For example, using the simplest ap-
proximate solution z = z0 + zc cos(ωt) one obtains, that
z0 = 0 and
T = 2pi
√
a+ cz2c
b(1− z2c )
. (17)
As follows, the increasing of the amplitude zc leads to
the increasing of the period T , but at c = −a we obtain
the constant value T = 2pi
√
a/b that could be related to
the phase transitions discussed above. At negative c with
|c| > a the period decreases with amplitude increase, and
this solution is periodical. Thus, we can conclude that
the spatially periodical behavior of the order parameter
can be associated with the limit cycle. In particular, the
formation of the bubble of a new phase corresponds to
the limit state of the spatially-periodical dependence of
the order parameter (fundamental scalar field) [2]. In
a such point we have various solutions of the standard
cosmological model [3]. The proposed model is more ap-
propriate for the description of the new phase formation.
The standard soliton solution is unstable and we came to
the limit periodical distribution of the order parameter.
To conclude, we note that the model of phase transi-
tions with coupling between the order parameter and its
gradient can describe a new scenario of the spatial distri-
bution of the order parameter after the critical point of
the phase transition. In this model we obtain an exact
analytical solutions and predict the experimental obser-
vation of the new behavior of the order parameter in the
case of the spinodal decomposition or in the cosmological
scenario in the field theory. It is shown that this nonlin-
ear model can be used for the description of phase transi-
tions accompanied by the formation of spatially inhomo-
geneous distributions of the order parameter for various
systems. Such solutions crucially depend on the coupling
constant. In the case of its negative value we can expect
that the distribution of the order parameter should be pe-
riodical, but in the case of a positive coupling constant,
we obtain solutions with topological singularities.
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